Introduction and results {#Sec1}
========================

Harmonic maps between Riemannian manifolds are one of the most studied variational problems in differential geometry. Under the assumption that the target manifold has non-positive curvature Eells and Sampson established their famous existence result for harmonic maps making use of the heat-flow method \[[@CR10]\]. Moreover, in the case that the domain is two-dimensional harmonic maps belong to the class of conformally invariant variational problems yielding a rich structure.

However, harmonic maps from surfaces also have a dual life in theoretical physics. More precisely, they arise as the *Polyakov action* in bosonic string theory. The full action for the bosonic string contains two additional terms, one of them being the pullback of a two-form from the target and the other one being a scalar potential. It is the aim of this article to study the full action of the bosonic string as a geometric variational problem.

There are already several mathematical results available for parts of the energy functional of the full bosonic string: in \[[@CR11]\] the authors consider the harmonic map energy together with a scalar potential. The critical points of this energy functional are called *harmonic maps with potential*. One of the main results in that reference is that depending on the choice of potential, the qualitative behavior of harmonic maps with potential differs from the one of harmonic maps. There are several results available that characterize the properties of harmonic maps with potential: this includes gradient estimates \[[@CR6]\] and Liouville theorems \[[@CR7]\] for harmonic maps with potential from complete manifolds. In \[[@CR8]\] an existence result for harmonic maps with potential from compact Riemannian manifolds with boundary is obtained, where it is assumed that the image of the map lies inside a convex ball. An existence result for harmonic maps with potential to a target with negative curvature was obtained in \[[@CR12]\] by the heat-flow method. This result has been extended to the case of a domain manifold with boundary in \[[@CR9]\]. Harmonic maps from surfaces coupled to a two-form potential have also been studied in the mathematical literature since they give rise to the *prescribed mean curvature equation*. Existence results via the heat flow for the prescribed mean curvature equation have been obtained for a flat target in \[[@CR23]\] and for a three-dimensional target with negative curvature in \[[@CR27]\].

In theoretical physics the two-form potential is interpreted as giving rise to an external magnetic field.

Harmonic maps coupled to a two-form potential and spinor fields instead of a scalar potential have been studied in \[[@CR4]\].

We will call the critical points of the full bosonic string action *harmonic maps with scalar and two-form potential* and we will generalize several results already obtained for harmonic maps and harmonic maps with potential. Moreover, we will point out new phenomena that arise from the two-form potential.

This article is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we analyze the energy functional of the full bosonic string and derive its critical points. In Sect. [3](#Sec3){ref-type="sec"}, we study analytic and geometric aspects of the critical points. In the last section, we derive an existence result via the heat-flow method for both compact and non-compact target manifolds.

The full bosonic string action {#Sec2}
==============================

Throughout this article (*M*, *h*) is a Riemannian surface without boundary, we will mostly assume that *M* is compact, and (*N*, *g*) a closed, oriented Riemannian manifold of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi :M\rightarrow N$$\end{document}$ we consider the square of its differential giving rise to the usual harmonic energy. Let *B* be a two-form on *N*, which we pull back by the map $\documentclass[12pt]{minimal}
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                \begin{document}$$V:N\rightarrow \mathbb {R}$$\end{document}$ be a scalar function, which we mostly assume to be smooth. By *R* we denote the scalar curvature of the domain *M*.

In the physical literature the full action for the bosonic string is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E(\phi )=\int _M\left( \frac{1}{2}|{\mathrm{d}}\phi |^2+\phi ^*B+RV(\phi )\right) \mathrm{d}M, \end{aligned}$$\end{document}$$see for example \[[@CR22], p. 108\]. Due to the uniformization theorem we can assume that the scalar curvature *R* on the domain *M* is constant. In string theory, the potential $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\phi )$$\end{document}$ is usually referred to as *dilaton field*.

For the sake of completeness, we want to mention that in theoretical physics one also defines an action functional that locally has the form ([2.1](#Equ1){ref-type=""}) but has a different global structure. More precisely, one replaces the two-form contribution in ([2.1](#Equ1){ref-type=""}) by an object that locally looks like a two-form, but forms a more general object from the global point of view. One then studies the *U*(1)-valued functional$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {hol}}(\phi )$$\end{document}$ denotes the holonomy of the gerbe $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ we denote the globally defined curvature associated to the gerbe $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal G}$$\end{document}$. For a mathematical introduction to gerbes and surface holonomy see \[[@CR13]\]. This gives rise to the so-called *B-field action* in string theory, which is defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_B(\phi ):=-i\log ({\text {hol}}(\phi )) \end{aligned}$$\end{document}$$such that $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {hol}}(\phi )=\exp (iE_B(\phi ))$$\end{document}$.
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                \begin{document}$${\mathcal G}$$\end{document}$ is trivial, which corresponds to the fact that the three-form $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ is exact, we can define the *B-field action* as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_B(\phi ):=\int _M\phi ^*B{\mathrm{d}}M \end{aligned}$$\end{document}$$leading to the functional ([2.1](#Equ1){ref-type=""}). From an analytical point of view the *U*(1)-valued functional ([2.2](#Equ2){ref-type=""}) is more difficult, and we will restrict ourselves to the functional ([2.1](#Equ1){ref-type=""}).

Let us derive the critical points of ([2.1](#Equ1){ref-type=""}).

Proposition 2.1 {#FPar1}
---------------

The Euler--Lagrange equation of the functional ([2.1](#Equ1){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tau (\phi )=Z(\mathrm{d}\phi (e_1)\wedge \mathrm{d}\phi (e_2))+R\nabla V(\phi ), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau (\phi )$$\end{document}$ denotes the tension field of the map $\documentclass[12pt]{minimal}
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                \begin{document}$$Z \in \Gamma ({\text {Hom}}(\Lambda ^2T^*N,TN))$$\end{document}$ is defined by the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega =\mathrm{d}B$$\end{document}$ is a three-form on *N* and $\documentclass[12pt]{minimal}
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                \begin{document}$$e_1,e_2$$\end{document}$ an orthonormal basis of *TM*.

Proof {#FPar2}
-----

We consider a smooth variation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\partial \phi _t}{\partial t}\big |_{t=0}=\eta $$\end{document}$. It is well-known that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\mathrm{{d}}}{\mathrm{{d}}t}\big |_{t=0}\frac{1}{2}\int _M|{\mathrm{d}}\phi _t|^2\mathrm{{d}}M= & {} -\int _M\langle \tau (\phi ),\eta \rangle \mathrm{{d}}M, \\ \frac{\mathrm{{d}}}{\mathrm{{d}}t}\big |_{t=0}\int _M RV(\phi _t)\mathrm{{d}}M= & {} \int _M R\langle \nabla V(\phi ),\eta \rangle \mathrm{{d}}M. \end{aligned}$$\end{document}$$To calculate the variation of the two-form *B*, we choose an orthonormal basis $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{{\mathrm{d}}}{\mathrm{d}t}(\phi _t^*B)(e_1,e_2)&=\phi _t^*({\mathcal {L}}_{\partial _t}B)(e_1,e_2) \\&=\phi _t^*\big (\iota _{\partial _t}\mathrm{d}B(e_1,e_2)+d(\iota _{\partial _t} B(e_1,e_2))\big ) \\&=\phi _t^*\big (\Omega (\partial _t,e_1,e_2))+d(\phi _t^*(\iota _{\partial _t}B(e_1,e_2))), \end{aligned}$$\end{document}$$where we used that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {L}}$$\end{document}$ denotes the Lie-derivative applied to differential forms. Moreover, we applied several identities for derivatives of differential forms, which can be found in \[[@CR24], pp. 170--174\].

Integrating over *M* we thus obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{{\mathrm{d}}}{\mathrm{d}t}\big |_{t=0}\int _M(\phi ^*_tB)(e_1,e_2){\mathrm{d}}M=\int _M\Omega (\eta ,{\mathrm{d}}\phi (e_1),{\mathrm{d}}\phi (e_2)){\mathrm{d}}M. \end{aligned}$$\end{document}$$Using the vector-bundle homomorphism ([2.4](#Equ4){ref-type=""}), we thus find$$\documentclass[12pt]{minimal}
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We call solutions of ([2.3](#Equ3){ref-type=""}) *harmonic maps with scalar and two-form potential*.

Remark 2.2 {#FPar3}
----------

Note that the energy functionals ([2.1](#Equ1){ref-type=""}) and ([2.2](#Equ2){ref-type=""}) have the same critical points since$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{{\mathrm{d}}}{\mathrm{d}t}\big |_{t=0}\exp (iE(\phi _t))=0\Leftrightarrow \frac{{\mathrm{d}}}{\mathrm{d}t}\big |_{t=0}\int _M\left( \frac{1}{2}|{\mathrm{d}}\phi _t|^2+RV(\phi _t)\right) {\mathrm{d}}M+\frac{\mathrm{d}}{{\mathrm{d}}t}\big |_{t=0}E_B(\phi _t)=0. \end{aligned}$$\end{document}$$

Whenever using local coordinates, we will use Greek indices on the domain *M* and Latin indices on the target *N*. Moreover, we will make use of the Einstein summation convention, that is, we sum over repeated indices. In terms of local coordinates $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Delta \phi ^i=-\Gamma ^i_{jk}\frac{\partial \phi ^j}{\partial x_\alpha }\frac{\partial \phi ^k}{\partial x_\beta }h_{\alpha \beta } +Z^i(\partial _{y^j}\wedge \partial _{y^k})\frac{\partial \phi ^j}{\partial x_1}\frac{\partial \phi ^k}{\partial x_2} +Rg^{ik}\frac{\partial V}{\partial y^k}. \end{aligned}$$\end{document}$$

Remark 2.3 {#FPar4}
----------

The vector-bundle homomorphism *Z* can also be interpreted as arising from a metric connection with totally antisymmetric torsion. In this case one has$$\documentclass[12pt]{minimal}
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Remark 2.4 {#FPar5}
----------

In principle one could also study the functional ([2.1](#Equ1){ref-type=""}) for a higher-dimensional domain *M* with $\documentclass[12pt]{minimal}
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                \begin{document}$$m=\dim M\ge 2$$\end{document}$. However, then one needs to pull back an *m*-form from the target leading to an Euler--Lagrange equation with a higher nonlinearity on the right hand side, see \[[@CR17], Chapter 2\], for a detailed analysis.

Lemma 2.5 {#FPar6}
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Proof {#FPar7}
-----

This follows by a direct calculation. $\documentclass[12pt]{minimal}
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Example 2.6 {#FPar8}
-----------
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In case that the function *f* is constant and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Properties of harmonic maps with scalar and two-form potential {#Sec3}
==============================================================

In this section we study several properties of solutions of ([2.3](#Equ3){ref-type=""}).

Lemma 3.1 {#FPar9}
---------
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Proof {#FPar10}
-----

This follows by a direct calculation. $\documentclass[12pt]{minimal}
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Definition 3.2 {#FPar11}
--------------
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                \begin{document}$$S_{\alpha \beta }$$\end{document}$ is called the *stress-energy tensor*.

Lemma 3.3 {#FPar12}
---------
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                \begin{document}$$\phi $$\end{document}$ is a harmonic map with scalar and two-form potential.

Proof {#FPar13}
-----
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We can express the stress-energy tensor ([3.3](#Equ10){ref-type=""}) invariantly as$$\documentclass[12pt]{minimal}
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With the help of ([3.4](#Equ11){ref-type=""}) we now derive a monotonicity formula for $\documentclass[12pt]{minimal}
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                \begin{document}$$e(\phi )+RV(\phi )$$\end{document}$. A similar calculation for harmonic maps with scalar potential has been carried out in \[[@CR20]\]. For the monotonicity formula for harmonic maps we refer to the book \[[@CR28]\], for a general treatment of stress-energy tensors with applications to harmonic maps we refer to \[[@CR2]\]. Note that we do not have to assume that *M* is compact to derive the monotonicity formula.
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Proposition 3.4 {#FPar14}
---------------
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                \begin{document}$$\phi :(M,f^2h_0)\rightarrow (N,g)$$\end{document}$ be a harmonic map with scalar and two-form potential, where *M* is a complete Riemannian surface and *N* a Riemannian manifold. Suppose that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The proof is similar to the proof of Theorem 4.1 in \[[@CR20]\].

Proof {#FPar15}
-----

For a symmetric (2, 0)-tensor *S* the following identity holds$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {L}}_X$$\end{document}$ represents the Lie-derivative with respect to the vector field *X*. Integrating the divergence of ([3.4](#Equ11){ref-type=""}) over the ball $\documentclass[12pt]{minimal}
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                \begin{document}$$x_0$$\end{document}$, using ([3.7](#Equ14){ref-type=""}) and the fact that the stress-energy-tensor is divergence free, we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{1}{2}{\mathcal {L}}_Xh=\frac{1}{2}{\mathcal {L}}_X(f^2h_0)=rf\frac{\partial f}{\partial r}h_0+\frac{1}{2}f^2{\mathcal {L}}_Xh_0, \end{aligned}$$\end{document}$$where we used that the metric on *M* is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{1}{2}\langle S_V(\phi ),{\mathcal {L}}_Xh\rangle =2RV(\phi )r\frac{\partial \log f}{\partial r}+\frac{1}{2}f^2\langle S_V(\phi ),{\text {Hess}}_{h_0}(r^2)\rangle \end{aligned}$$\end{document}$$since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dim M=2$$\end{document}$.

To estimate the last term on the right hand side, we choose a local basis $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{e}_\alpha :=f^{-1}e_\alpha ,\alpha =1,2$$\end{document}$ is an orthonormal basis with respect to *h*. Thus, we obtain$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\nabla r|=f^{-1}$$\end{document}$ we find$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _{\partial B_{\rho }(x_0)}S_V(\phi )(r\frac{\partial }{\partial r},\nu )&\le \int _{\partial B_{\rho }(x_0)}(e(\phi )+RV(\phi ))h(r\frac{\partial }{\partial r},\nu )\\&=\rho \int _{\partial B_{\rho }(x_0)}(e(\phi )+RV(\phi ))f\\&=\rho \frac{\mathrm{d}}{\mathrm{d}\rho }\int _{B_\rho (x_0)}\left( \int _{\partial B_{r}(x_0)}\frac{e(\phi )+RV(\phi )}{|\nabla r|}\right) \mathrm{d}r \\&=\rho \frac{\mathrm{d}}{\mathrm{d}\rho }\int _{B_\rho (x_0)}\big (e(\phi )+RV(\phi )\big ). \end{aligned}$$\end{document}$$Thus, by the assumptions ([3.5](#Equ12){ref-type=""}) we obtain the following inequality$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \rho \frac{\mathrm{d}}{\mathrm{d}\rho }\int _{B_\rho (x_0)}(e(\phi )+RV(\phi ))\ge \int _{B_\rho (x_0)}\frac{1}{2}\big (e(\phi )+RV(\phi )\big )\big (\Lambda -2\lambda _\mathrm{max}\big ). \end{aligned}$$\end{document}$$Again, by assumption we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \rho \frac{\mathrm{d}}{\mathrm{d}\rho }\int _{B_\rho (x_0)}(e(\phi )+RV(\phi ))\ge \sigma \int _{B_\rho (x_0)}(e(\phi )+RV(\phi )). \end{aligned}$$\end{document}$$This can be rewritten as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\mathrm{d}}{\mathrm{d}\rho }\frac{\int _{B_\rho (x_0)}(e(\phi )+RV(\phi ))}{\rho ^\sigma }\ge 0 \end{aligned}$$\end{document}$$and the claim follows by integration with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

As for harmonic maps (\[[@CR25], Theorem 2\]) and harmonic maps with potential (\[[@CR11], Proposition 2\]) we can prove a unique continuation theorem for harmonic maps with scalar and two-form potential. To obtain this result we recall the following (\[[@CR1], p. 248\])

Theorem 3.5 {#FPar16}
-----------
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Making use of this result we can prove the following

Proposition 3.6 {#FPar17}
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-----
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Remark 3.7 {#FPar19}
----------

In the case that the scalar potential $\documentclass[12pt]{minimal}
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Lemma 3.8 {#FPar20}
---------
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Proof {#FPar21}
-----

This follows from the chain rule for the tension field of composite maps, that is$$\documentclass[12pt]{minimal}
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Existence results via the heat flow {#Sec4}
===================================

In this section, we derive an existence result for critical points of ([2.1](#Equ1){ref-type=""}) by the heat-flow method. In order to achieve this result, we will assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ is exact such that we have a variational structure that enables us to derive the necessary estimates for convergence of the gradient flow. A similar approach for geodesics coupled to a magnetic field was performed in \[[@CR5]\].

In order to control the non-linearities arising from the two-form, we will have to restrict to target spaces with negative sectional curvature. A similar idea has been used in \[[@CR27]\] for the heat flow of the prescribed mean curvature equation. More precisely, we will use the negative curvature of the target to control the non-linearities arising from the two-form potential.

For a general introduction to harmonic maps and their heat flows see the book \[[@CR19]\].

The gradient flow of the functional ([2.1](#Equ1){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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Lemma 4.1 {#FPar22}
---------

Suppose that *N* is isometrically embedded into $\documentclass[12pt]{minimal}
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Proof {#FPar23}
-----

This follows from Lemma [3.8](#FPar20){ref-type="sec"}, we will omit the tildes in order not to blow up the notation. $\documentclass[12pt]{minimal}
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As a first step, we establish the existence of a short-time solution.

Lemma 4.2 {#FPar24}
---------
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Proof {#FPar25}
-----

This can be proven using the Banach fixed point theorem, which requires that the potential $\documentclass[12pt]{minimal}
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To extend the solution beyond $\documentclass[12pt]{minimal}
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Lemma 4.3 {#FPar26}
---------
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Proof {#FPar27}
-----

This follows from the standard Bochner formulas using$$\documentclass[12pt]{minimal}
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The Bochner formulae will be the key-tool to achieve long-time existence and convergence of the evolution equation ([4.1](#Equ17){ref-type=""}). However, we have to distinguish between the cases of a compact and a non-compact target.

Compact target {#Sec5}
--------------

For a compact target manifold *N* we will prove the following:

### Theorem 4.4 {#FPar28}

Let (*M*, *h*) be a closed Riemannian surface and (*N*, *g*) be a closed, oriented Riemannian manifold with negative sectional curvature. Moreover, suppose that $\documentclass[12pt]{minimal}
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We will divide the proof of Theorem [4.4](#FPar28){ref-type="sec"} into several steps.

### Lemma 4.5 {#FPar29}
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### Proof {#FPar30}
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Via the maximum principle we thus obtain the following:

### Corollary 4.6 {#FPar31}
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### Proof {#FPar32}

Using the assumptions the first statement follows by applying the maximum principle to ([4.5](#Equ21){ref-type=""}). For the second statement, we apply the maximum principle to ([4.6](#Equ22){ref-type=""}) using the bound ([4.7](#Equ23){ref-type=""}). $\documentclass[12pt]{minimal}
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### Lemma 4.7 {#FPar33}
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### Proof {#FPar34}
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### Lemma 4.8 {#FPar35}
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### Proof {#FPar36}

In the following *C* will denote a universal constant that may change from line to line. We set $\documentclass[12pt]{minimal}
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### Proposition 4.9 {#FPar37}
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### Proof {#FPar38}

This follows from the continuation principle for parabolic partial differential equations. Suppose that there would be a maximal time of existence $\documentclass[12pt]{minimal}
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To achieve convergence of the evolution equation ([4.1](#Equ17){ref-type=""}) we will make use of the following:

### Lemma 4.10 {#FPar39}

Assume that (*M*, *h*) is a compact Riemannian manifold. If a function $\documentclass[12pt]{minimal}
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### Proof {#FPar40}

A proof can for example be found in \[[@CR26], p. 284\]. For more details on how the constant *C* in the estimate depends on geometric data, see \[[@CR16], Lemma 2.3.1\]. $\documentclass[12pt]{minimal}
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### Proposition 4.11 {#FPar41}
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### Remark 4.12 {#FPar43}

Note that we only made use of the globally defined energy ([2.1](#Equ1){ref-type=""}) to obtain convergence of the gradient flow. To achieve long-time existence of ([4.1](#Equ17){ref-type=""}) we do not require a variational structure.

Non-compact target {#Sec6}
------------------

In the case that the target manifold *N* is complete, but non-compact we have to make additional assumptions to control the image of *M* under the evolution of $\documentclass[12pt]{minimal}
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Finally, we will prove the following:

### Theorem 4.13 {#FPar44}

Let (*M*, *h*) be a closed Riemann surface and (*N*, *g*) a complete, oriented Riemannian manifold with negative sectional curvature. Moreover, suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ is exact, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|B|_{L^\infty }<1/2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V\in C^{2,1}(N)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2}|Z|_{L^\infty }^2\le \kappa _N$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa _N$$\end{document}$ denotes and upper bound on the sectional curvature on *N*. In addition, assume that the potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\phi )$$\end{document}$ satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -R{\text {Hess}}V(y)\le -\frac{C}{1+\mathrm{d}_N(y)} \quad \text { or }\quad |R{\text {Hess}}V|_{L^\infty }\le \frac{\lambda _1(M)}{2}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _1(M)$$\end{document}$ denotes the first eigenvalue of the Laplacian on *M*. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _t:M\times [0,\infty )\rightarrow N$$\end{document}$ be a smooth solution of ([4.1](#Equ17){ref-type=""}). Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _t$$\end{document}$ subconverges in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^2(M,N)$$\end{document}$ to a harmonic map with scalar and two-form potential, which is homotopic to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _0$$\end{document}$. Moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _\infty $$\end{document}$ is minimizing the energy in its homotopy class.

First of all, we make the following observation:
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### Lemma 4.15 {#FPar47}
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### Proof {#FPar50}
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By making use of the previous Lemmata we thus find

### Lemma 4.17 {#FPar51}
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### Proof {#FPar52}
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### Remark 4.18 {#FPar53}

In the case of the heat flow for harmonic maps with potential to a non-compact target with a concave potential the limit $\documentclass[12pt]{minimal}
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### Remark 4.19 {#FPar54}

If we would only require an upper bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R{\text {Hess}}V$$\end{document}$ in *N* then this would be enough to establish long-time existence of ([4.1](#Equ17){ref-type=""}). Consequently, to achieve convergence of ([4.1](#Equ17){ref-type=""}) we need the potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$RV(\phi )$$\end{document}$ to constrain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _t(M)$$\end{document}$ to a compact set.

### Remark 4.20 {#FPar55}

Using the extrinsic version of the evolution equation ([4.2](#Equ18){ref-type=""}) we can apply the maximum principle to bound the image of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _t(M)$$\end{document}$. This idea was already used for related geometric flows: a similar criterion as below for the heat flow of harmonic maps with potential is given in \[[@CR12], Proposition 2\]. For the heat flow of the prescribed mean curvature equation in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^3$$\end{document}$ the same idea is used in Proposition 3.2 in \[[@CR23]\].
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Minimizing the energy {#Sec7}
---------------------

In this section, we briefly discuss if the limiting map constructed in Theorem [4.13](#FPar44){ref-type="sec"} is minimizing energy in its homotopy class.

### Lemma 4.21 {#FPar56}
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### Proof {#FPar57}
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### Remark 4.22 {#FPar58}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$E(\phi (t))$$\end{document}$ with respect to *t* we can prove the following uniqueness Theorem, which is very similar to the case of Hartman's theorem for harmonic maps \[[@CR15]\].

### Proposition 4.23 {#FPar59}

Under the assumptions of Theorem [4.13](#FPar44){ref-type="sec"} the limit $\documentclass[12pt]{minimal}
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### Proof {#FPar60}

The proof is the same as in the case of harmonic maps and we omit it here. $\documentclass[12pt]{minimal}
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A correction to this article is available online at <https://doi.org/10.1007/s10455-017-9591-z>.
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